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Mathematics instructors must respond to diverse needs of individual students, including
different abilities, interests, learning styles and cultural backgrounds. To do so, grade
kindergarten-12 teachers have been using differentiated instruction, a process of pro-
actively modifying instruction based on students’ needs. It is supported by literature on
learning and has resulted in the improvement of grade K-12 students’ learning.Yet, there
is no research literature that reportsworkondifferentiated instruction at the undergradu-
ate level for meeting the diverse needs of college students, particularly in mathematics
courses. Students frequently report their collegemathematics classes tobe unstimulating,
boring, irrelevant, poorly taught or transmissive.This study examined the use of differen-
tiated instruction in an undergraduate mathematics course for addressing such concerns
and thereby improving students’mathematical learning. Aconcurrentmixedmethods re-
search study was used to address the central research question:What impact does differ-
entiated instruction in a college mathematics class have on students’ mathematical
understandings? A quasi-experimental pre-test and post-test control-group research
design measured the relationship between the differentiated instruction in the course
and the students’ mathematical understandings. Simultaneously, the impact of the differ-
entiated instruction on the students’ mathematical understandings was explored using
interviews and analyses of students’ work. The participants included elementary educa-
tion majors enrolled in a mathematics course covering the topic of number and oper-
ations. Results showed that students receiving differentiated instruction experienced
greater gains in their mathematical understandings. Suggestions for incorporating differ-
entiated instruction in undergraduate mathematics courses are provided along with
plans for further research.

1. Introduction
Instructors in undergraduate mathematics courses will readily admit that their students are all different.

Yet, many mathematics teachers find it difficult to address the needs of all students, including their
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different abilities, interests, learning styles and cultural backgrounds. One way grade kindergarten-12

teachers have addressed this issue is through differentiated instruction, a process of proactively mod-

ifying instruction based on students’ needs. These changes are based on students’ current abilities and

understandings, personal interests and learning preferences. Effective characteristics of differentiated

instruction include clear learning goals, ongoing and diagnostic assessments that modify instruction

and challenging tasks for all students. Despite the evidence supporting learning gains and other

benefits of differentiated instruction of grade kindergarten-12 students (e.g., Subban, 2006;

Tomlinson et al., 2003), differentiated instruction is scarcely used at the undergraduate level for

meeting the diverse needs of college students, particularly in mathematics courses. The objective of

this study was to examine the use of differentiated instruction in an undergraduate mathematics course

for meeting students’ diverse needs and improving their mathematical learning.

2. Review of relevant literature
While the focus of the study was an undergraduate mathematics course, the vast majority of researches

on differentiated instruction have been reported in K-12 education. Students in grades K-12 have many

diverse needs with regard to their background knowledge, abilities, motivations, interests and modes of

learning (Tomlinson, 2005; Tomlinson et al., 2003). In addition, classrooms in the United States are

becoming more culturally and ethnically diverse to the extent ‘that educators no longer have a legit-

imate choice about whether to respond to the academically diverse populations in most classrooms;

rather, they can only decide how to respond’ (Tomlinson et al., 2003, p. 121). Many teachers of grades

K-12 have responded by using differentiated instruction. It is a process of proactively modifying

curricula, teaching methods, learning activities and assessments to meet the diverse needs of students

and thereby to maximize access to, motivation for and efficiency of learning (Subban, 2006;

Tomlinson, 1999). These changes are based on students’ readiness (current abilities and understand-

ings), personal interests and learning profiles (learning styles, culture and gender) (Tomlinson et al.,

2003).

Several core principles guide differentiated instruction (Tomlinson, 1999; 2001; Tomlinson et al.,

2003; Tomlinson & Eidson, 2003). First, teachers articulate what is essential for students to learn about

a subject, which helps to link assessment to curriculum and instruction. In the differentiated classroom,

assessment is ongoing, continuously informs instruction, and includes the assessment of students’

understanding of the current material, their personal interests and their learning profiles. Second,

teachers attend to student differences. They accept students as they are, but expect them to become

and understand all that they can. Third, all students participate in respectful work. Teachers challenge

students at a level attainable for them, and lessons for all students emphasize critical or creative

thinking that promote individual growth. Fourth, the teacher and students collaborate in learning,

maintaining a balance between teacher-assigned and student-selected tasks and working arrangements.

Fifth, teachers are flexible in their use of groups and whole class discussion. Students work in a variety

of groups according to their readiness, interests or learning profiles, and group work is intermingled

with other whole class discussions and activities. Sixth, differentiated instruction is proactive rather

than reactive. The teacher plans lessons that address learner variance from the outset rather than

relying on adjusting instruction during real-time when the lesson is not working for some students.

Finally, space, time and materials are used flexibly to suit the needs of various learners.

In describing differentiated instruction, it is also helpful to describe what it is not (Tomlinson, 2001;

Wormeli, 2005). First, differentiated instruction is not synonymous with individualized instruction in

which the teacher varies instruction for every student. Such an individualized approach tends to be

overwhelming and time-consuming for the teacher. In addition, such individualization often leads to
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fragmentizing learning objectives in order to track and meet the needs of individual students. Rather,

differentiated instruction draws on flexible groupings, space, time and materials to target instruction

for subsets of the entire class, which fosters accommodation without the overwhelming effort of

individualization. Second, the teacher does not differentiate instruction during every class. Whole

class instruction is still utilized but done so purposefully, informed by ongoing assessment of students’

needs. In a typical classroom, instruction may be differentiated one-third to one-half of the time. Third,

differentiated instruction does not result in an unbalanced workload for students (e.g., advanced

learners do more while struggling learners do less). Instead, as described in the core principles, all

students work on activities at a suitable level for them and that include critical thinking and challenge.

Finally, there is no one way to differentiate instruction. While core principles guide differentiation, the

actual implementation is as varied as the needs of the students in the classroom.

According to Tomlinson (1999, 2001) teachers may choose to differentiate their instruction with

regard to content (differentiating what students learn), learning process (differentiating the process and

activities students participate in to learn), learning product (differentiating the products students de-

velop to demonstrate learning) or learning environment (adjusting the classroom set-up). Each of these

can be altered with respect to students’ readiness, interests or learning profile. In differentiating

content, a variety of common strategies are used. A teacher may use jigsaw activities in which different

student groups focus on different aspects of a topic. Then, students are re-grouped and share with each

other what they learned in their previous groups. Another common practice is to use student groups

based on common interests around a given subject. A teacher can also use varied texts or resource

materials geared to students’ particular needs. Some teachers make use of learning contracts or

personalized agendas that allow for some freedom in students’ learning of material. Mini-lessons

for subsets of students are helpful when teachers want to re-teach a topic, provide another way of

looking at an idea or extend a topic. Finally, many teachers use tiered activities in which they select the

concept that will be a focus for all learners and then utilize different activities around that focus based

on students’ readiness, interests or learning profiles. To vary the learning process for different subsets

of students, teachers may:

� Use learning centres or stations where students engage in different activities around a topic;

� Have students respond to varying prompts in a journal;

� Provide student choice on activities; or

� Utilize curriculum compacting, a process of identifying aspects that a student already understands

about a topic and then developing a plan for the student to master any remaining portion.

Teachers also have a variety of avenues for allowing students to use different products to demonstrate

their learning. Teachers can replace some of their tests or other traditional assessments with alternative

products. In doing so, teachers may want to consider incorporating different modes of expression,

whether oral, written, design or artistic. Possible alternative products are numerous, including posters,

websites, museum exhibits, brochures, skits, podcasts, journal articles or musical performances.

Finally, teachers can vary the classroom environment in regard to seating arrangements; accessible

placement of materials, resources and manipulatives; lighting; single versus pair versus small group

seating; and noise level (whether quiet, music, talking allowed, etc.).

Differentiated instruction is supported by theoretical literature on learning and empirical research,

especially its emphasis on adapting instruction according to students’ readiness, interests and learning

profile. When teachers differentiate according to student readiness, benefits result for achievement,

study habits, social interaction, cooperation, attitude toward school, self-worth, motivation and en-

gagement (Tomlinson et al., 2003; Tomlinson & McTighe, 2006). Adaptations according to students’

readiness are supported by brain research (Tomlinson & Kalbfleisch, 1998) and theoretically align
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with Vygotsky’s (1978) description of the zone of proximal development—centering instruction in the

zone between that which students can achieve individually and that which they can achieve under adult

or capable peer guidance—which is believed to maximize student learning. When aligning instruction

with student interests, it maximizes student engagement, productivity, achievement, positive attitudes

about learning, a willingness to accept challenge and persist in it, self-determination and creativity

(Subban, 2006; Tomlinson et al., 2003; Tomlinson & McTighe, 2006). Furthermore, when students

enjoy tasks at an early age, they tend to continue seeking cognitive stimulation, and incorporating

student interests helps even marginalized students find a place in the classroom (Subban, 2006).

Finally, when instructors differentiate for learning profile, students benefit in achievement and attitude

(Tomlinson et al., 2003), including positive effects for students from a wide range of cultural groups,

across all grade levels, and with emotional difficulties or learning disabilities (Tomlinson & McTighe,

2006). Additionally, addressing various learning profiles may benefit different ways that students

manifest intelligence (Gardner, 1993; Sternberg, 1985) and learn (Subban, 2006). Furthermore, it is

important for classrooms to use a range of materials, processes and procedures so that students from

many backgrounds feel comfortable and can learn (Educational Research Service, 2003).

Studies also have been conducted across several grade levels on the overall impact of differentiated

instruction. Various studies have found that differentiated instruction leads to achievement gains on

standardized tests, including mathematics assessments (Hodge, 1997). While achievement gains have

been found by some of these studies for all students and across all racial and socioeconomic groups

(Batts & Lewis, 2005; Brighton et al., 2005; Tomlinson, 2005), some of the studies found particular

improvement for historically low-performing students, students with exceptional needs and students

with gifted abilities (Batts & Lewis, 2005; Brimijoin, 2002; McAdamis, 2001). Other reported benefits

of differentiated instruction include an increased motivation and enthusiasm for learning on the part of

students as well as fewer students being held back (Batts & Lewis, 2005; McAdamis, 2001).

However, differentiated instruction has not been examined for meeting the diverse needs of college

students, who also differ by academic preparation, interests, age, learning styles and cultural and

economic backgrounds. With regard to academic preparation, the literature frequently focusses on

underprepared students. In 2003–2004, the National Center for Educational Statistics [NCES] found

that 36% of undergraduates reported taking a remedial course (Horn & Nevill, 2006). With respect to

mathematics, the Business-Higher Education Forum (2005) reported that 22% of all college freshmen

fail to meet performance levels for entry-level mathematics courses, and according to ACT results,

only 40% of incoming freshmen are ready to take college algebra (Cavanagh, 2004). Important to note

however is, despite the emphasis on underprepared students, undergraduates include a variety of

preparation levels across subjects; including those underprepared, prepared and over-prepared aca-

demically. Students also vary in several dimensions impacting their learning profile. According to the

NCES (Horn & Nevill, 2006), in 2003–2004 the average age of undergraduates was 26 with 47% of

undergraduates aged 19–23 years, 17% aged 24–29 years, 14% aged 30–39 years and 12% aged 40

years or older. Fifty-eight percent of these undergraduates were women, and 63% were white, 14%

black, 13% Hispanic and 5% Asian. Eleven percent of undergraduates reported having a disability

(Horn & Nevill, 2006). Economically, 18% of students were classified as low-income, 63% received

some form of aid, and approximately one-third worked full-time while 41% worked part time (Horn &

Nevill, 2006).

Unfortunately, such differences do not appear to be addressed through instruction in college math-

ematics classes. College students often report their mathematics classes to be impersonal, irrelevant to

their interests and intellectually unstimulating. For example, Anthony (2000) identified factors that

influence students’ success in first-year mathematics courses and found that students wanted a more

personal approach in their classes. Factors contributing to students’ failure or displeasure resulted from
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boring presentations of content along with a perceived lack of content relevance. In a synthesis on why

some students stay enrolled in quantitative gatekeeper courses while others with comparable ability

and interest decide not to do so, Gainen (1995) reported, ‘Many students learn best in a context that

invites personal connection to professors, peers, and the subject matter. For these students, the im-

personal, competitive culture often found in gatekeeper courses conflicts with their values and ex-

pectations’ (p. 11). Furthermore, such classes were often unstimulating for not just students that may

struggle but for many well-qualified students as well (Gainen, 1995; Treisman, 1992). Similar con-

cerns were reported outside the United States. Specifically, Willis (1993) found that content relevance

and degree of interest were important to a number of first- and second-year students in fostering their

involvement in a course.

College students also frequently report their mathematics classes to rely solely on lecture and to

emphasize rote rather than active learning. For example, in a multi-institution interview study of 335

students with quantitative SAT scores of at least 650 who persisted in or left science, mathematics or

engineering majors, 75% of all interviewees and 89% of those who switched complained of ‘poor

teaching’ (Seymour, 1992). Factors of poor teaching included lecturing with an emphasis on rote

learning, failing to offer intellectual stimulation, dull material and presentation, lack of enthusiasm

for the subject and unapproachable demeanor. In an analysis of the literature on undergraduate attrition

from science, mathematics and engineering majors, Daempfle (2003–2004) recommends

Undergraduate science, mathematics, and engineering instruction should shift from simple know-

ledge transmission to actively and cooperatively engaging students. Active student involvement in

lectures, structuring assessment practices to include cooperative learning strategies, and increasing

faculty involvement would improve student attitudes, achievement, and retention. (p. 48).

The intent of this study was to examine differentiated instruction as a means for addressing such

concerns. It was expected that differentiated instruction had potential for enhancing the experience and

learning of undergraduate students in a mathematics class due to its principles of challenging tasks for

all students, responding to students’ interests and addressing different learning preferences.

3. Information about the course
The mathematics course for this study was a first-year course on number and operations taught in fall

2008 at two regional institutions, both mid-sized universities in the Rocky Mountain region.

Instruction was differentiated in five sections, comprising the treatment group, while another five

sections comprised the comparison group. Tables 1 and 2 provide information about the instructors for

the treatment and comparison sections.

TABLE 1. Information about the instructors for the comparison group

Name Sections in

Fall 2008

Gender Times had

taught the course

Current position Highest degree

Johna 2 Male 10 Professor PhD Mathematics

Leslie 1 Female 3 Instructor MS Applied Statistics

Marie 1 Female 15 Instructor MS Mathematics

Melissa 1 Female 6 Asst. Professor PhD Mathematics

aPseudonyms are used for all the instructors’ and the student s’ names throughout the paper, except when referring to the authors of the article.
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All 10 sections were similar in scope. Content covered the real number system in conjunction with

the four arithmetic operations, and attention was given to subsets of the real numbers, including whole,

integer and rational numbers. Material was presented in a problem solving and exploratory context. All

sections used the same textbook, Mathematics for Elementary Teachers (Beckmann, 2008), and were

offered for three credit hours. Appropriate informed consent procedures were utilized for the study,

and 224 students voluntarily participated in the study, 116 students in the comparison sections and

108 students in the treatment sections. Table 3 provides demographic information about the student

participants. None of the demographic frequencies were statistically significantly different between the

two groups, including age, �2(6) = 0.59, p = 0.997; gender, �2(2) = 0.33, p = 0.848; year in school,

�2(5) = 0.22, p = 0.999; ethnicity, �2(4) = 0.03, p> 0.999; and major, �2(7) = 0.52, p = 0.999.

The first author (MC) observed each instructor of the comparison sections for at least one class

session. Overall, instruction in the comparison sections could be classified as activity-oriented with

interactive lectures. The instructors often had students working on mathematical activities in pairs or

small groups. These activities were supplemented with interactive lectures in which the instructors

used questioning of the students to discuss how to complete the activities and the main points of the

lesson. All instructors evidenced explicit attempts to make connections to the mathematics taught at

the elementary level along with an emphasis on helping students conceptually understand the math-

ematics. For example, many of the lessons involved students making sense of the standard algorithms

for computations, investigating examples of students’ work or utilizing various representations and

manipulatives that would be helpful in an elementary classroom.

4. Differentiated instruction in the treatment sections
For the treatment sections, the aforementioned aspects were incorporated in addition to deliberate

attempts to differentiate our instruction. MC played a primary role in planning the instruction for the

treatment sections. Since a core principle of differentiated instruction is an explicit articulation of the

learning goals, I began by explicating overarching learning objectives for the course, around which

each of the treatment sections was organized into four units:

(1) Meaning of numbers: demonstrate a conceptual understanding of numbers and ways of repre-

senting numbers, including comparing and ordering numbers.

(2) Meaning of operations with whole numbers and integers: develop the meaning of addition, sub-

traction, multiplication and division with whole numbers and integers through the use of multiple

models as well as standard and alternative algorithms.

(3) Extension of operations to rational numbers: extend the meaning of addition, subtraction, multi-

plication and division to rational numbers through the use of multiple models as well as standard

and alternative algorithms.

TABLE 2. Information about the instructors for the treatment group

Name Sections in

Fall 2008

Gender Times had

taught the course

Current position Highest degree

Chelsea 2 Female 1 Graduate student MS Applied Mathematics

Michelle (MC) 1 Female 5 Asst. Professor PhD Math Education

Mark 2 Male 0 Graduate student MS Mathematics
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(4) Elementary number theory: understand the multiplicative structure of the whole numbers includ-

ing the Fundamental Theorem of Arithmetic and relationships between factors, multiples and

prime factorizations.

I then began developing unit and lesson plans. As I refined these plans, I shared them with Mark and

Chelsea, who drew heavily upon these plans for their instruction, making modifications as needed for

their students. As the plans were shared, Mark and Chelsea would offer feedback and additional ideas

that would be incorporated by all of us. Thus, instruction within the five treatment sections was fairly

similar with modifications based on the students in the section.

For each unit, I prepared an overview. The units typically averaged 10–12 50-min class periods. The

unit overview included for each class period the mathematical topics to be addressed, details about the

general instructional design(s), seating and group arrangements, and formative and summative assign-

ments. By starting with a unit overview, we were better able to visualize when and how we would

TABLE 3. Demographic information about the student participants

Comparison Treatment

N % N %

Age

18 years 39 34 43 40

19 years 36 31 36 33

20 years 20 17 15 14

21 years 9 8 3 3

22 years 6 5 3 3

23+ years 5 4 6 6

Not reported 2 2 2 2

Gender

Female 104 90 96 89

Male 12 10 10 9

Not reported 0 0 2 2

Year

Freshman 61 53 67 62

Sophomore 34 29 24 22

Junior 16 14 10 9

Senior 6 5 3 3

Other 0 0 1 1

Not reported 0 0 2 2

Ethnicity

White/Caucasian 101 87 82 76

Hispanic/Latino/Mexican 5 4 10 9

Asian 0 0 2 2

Other 7 6 2 2

Not reported 5 4 12 11

Major

Elementary education 88 76 76 70

Early childhood 9 8 11 10

Special education 10 9 14 13

Secondary education 1 1 2 2

Education K-12 1 1 0 0

Undeclared 2 2 3 3

Other—not education 3 3 1 1

Not reported 0 0 2 2
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differentiate content, process, product or classroom environment according to students’ readiness,

interests or learning profiles. We tried to differentiate instruction based on students’ readiness, inter-

ests and learning profiles each approximately one to two times per unit. Instruction in the course was

differentiated approximately one-third of the time. Following the development of the unit overview,

lesson plans for each day of class were prepared and included sections for the learning objectives,

materials needed, class procedures and assessments. Below we provide specific examples of how the

instruction was differentiated with regard to students’ readiness, interests and learning profiles.

A typical example of how we differentiated instruction based on students’ readiness occurred while

learning about different types of numeration systems to help students understand place value. We first

had the students engage in an undifferentiated lesson using a computer applet to learn about the ancient

Egyptian and Babylonian numeration systems. Prior to our next class, students completed a formative

assessment on their current understanding of these numeration systems. Students had to represent

numbers in the two systems and report on their comfort level with each system. Students varied in

their understanding of the two systems. Thus, in the following class, we used a tiered activity to

improve or extend students’ understandings. For students that were not yet comfortable with the two

systems, we had them examine addition and subtraction in the Egyptian system and the role of zero in

both systems, while we visited specific tables to provide mini-lessons as needed on the Babylonian

system. For students comfortable with the two systems, we had them complete a trading activity in the

base-three system and then compare and contrast it with the two ancient systems. Following the tiered

activity, nearly all the students were familiar with the ancient systems and so we continued with a

whole class discussion of the similarities and differences between these two systems and the base-10

system, which highlighted the role of place value.

A typical example of how we differentiated instruction based on students’ personal interests

occurred during discussions of word problems for the four basic operations. During these class periods,

we purposely grouped students by common personal interests. Then, we asked each group to write

examples of the different types of word problems in contexts related to their common interests.

Finally, to differentiate our instruction based on students’ learning profiles, we would either group

or allow students to select activities based on an aspect of their learning profile. For example, during

one lesson on different representations for decimals, we allowed students to select different activities.

Those with kinesthetic preferences illustrated decimals using the base-10 blocks,1 those with visual

preferences used decimal squares (squares broken into tenths, hundredths or thousandths), and those

with reading preferences examined a reading section that zoomed in on the number line. After students

completed their respective activities, we formed new groups that consisted of at least one student from

each modality. The students explained their prior work to each other and then utilized all three

representations to complete some additional problems on decimals.

Across all units, pre-assessments and formative assessments along with interest and learning style

inventories were used to assist in proactively modifying instruction based on students’ readiness,

interests and learning profiles. The student groupings varied nearly every day, including the use of

homogeneous and heterogeneous groups according to readiness, interests and learning profiles along

with students being allowed to select their own groups on occasion. A combination of individual, small

group and whole class instruction was used.

1 With base-10 blocks, a 1-cm cube often represents a unit. Then, a long consisting of 10 units in a row represents

10, and a flat consisting of a 10� 10 square represents 100. Finally, a cube measuring 10� 10� 10 represents

1000. If one alters the block taken as a unit, the other blocks can represent quantities less than 1. For example, if a

flat is considered the unit, the long is 0.1 and the unit block is 0.01.
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Students were assessed through homework, quizzes, tests, writing prompts and projects. All students

completed the same quizzes and tests. Homework typically consisted of core problems completed by

all students and then two to three problems that were differentiated for different students and either

provided students with an opportunity to practice or extend their understanding. Since students often

had similar struggles or understandings, the problems were often the same for various subgroups of

students. In most of the sections, students also completed three to four writing prompts, which asked

them to respond in a two-page essay to a mathematical question. For some writing prompts, students

had a choice of what prompt to answer. For example, on one writing prompt students could write about

operations on integer numbers or about the density of various subsets of numbers. The students also

completed two projects, at least one of which had to be completed in small groups and were allowed to

choose the product to present their results, such as a written report, poster, PowerPoint presentation,

website, radio interview, skit, poem or some other appropriate product or performance. For each

project, students were provided with five to six options, e.g., on the first project students could

report on a historical numeration system, create a positional numeration system, justify the need for

different sets of numbers, research the history of fractions or select a topic of their choosing in

consultation with the instructor.

Throughout the course, logs of students’ understandings were kept. For each unit, we created a list

of the primary learning objectives, typically consisting of 7–10 learning objectives that included a

column for Developing and a column for Proficient. After grading each assessment, we quickly placed

a checkmark in the appropriate column based on how each student performed on each objective. These

logs proved very helpful in tracking students’ learning and in making adjustments to students’ assign-

ments, especially for the differentiated homework problems. While sounding time-consuming, keeping

these logs was actually rather efficient, taking only 10 min or so to complete the logs for all students.

5. Students’ perceptions of the course
In addition to our efforts to differentiate instruction in the treatment sections, we were interested in

students’ perceptions of the degree to which instruction was differentiated in the 10 sections. Thus, at

the end of the semester, we asked students from both the comparison and the treatment sections to

complete a Classroom Survey based on characteristics of differentiated instruction as described in the

literature. Table 4 presents the extreme descriptors of the 14 items on the survey. Each item was

measured on a six-point scale where a score of six was an indicator of agreement with the maximum

descriptor and a score of one was an indicator of agreement with the minimum descriptor. Note that

items were mixed so that characteristics consistent with differentiated instruction had both extremes.

Specifically, items 1, 3, 6, 8, 11, 12 and 13 were considered negatively presented items in that the

minimum descriptor was intended to better reflect the characteristics of a differentiated classroom.

Table 5 presents the means, standard deviations and valid sample size for the comparison and

treatment groups of the 14 survey items. Multivariate analysis using the Wilks’ Lambda indicated

significant differences between the two groups among survey items (�= 22.04, p< 0.0005). Univariate

analysis revealed several items where significant differences existed. The treatment group had mean

scores that were statistically significantly different from the comparison group in several ways.

Specifically, in the differentiated sections, students felt more strongly that (a) they used different

instructional formats; (b) several learning styles were taken into account; (c) multiple interpretations

of ideas were sought; (d) students and the teacher worked together to solve problems; (e) students

frequently made interest-based learning choices; (f) students worked in different groups at different

times; (g) assessment was used before, during and after learning to guide instruction; (h) activities and

assignments were individualized for students based on their understanding of the material; (i) students
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were assessed in multiple ways; and (j) students often had choices on assignments. In each case, the

treatment group’s scores were consistent with characteristics of differentiated instruction, meaning the

students felt such characteristics were present in those sections.

Because the survey items were developed to measure characteristics of differentiated instruction, a

combined item also was developed. After recoding the negatively presented items so that higher scores

TABLE 4. The extreme descriptors for the 14 survey items measured on a six-point scale

Item Maximum descriptor Minimum descriptor

1. Mastery of facts and skills are the focus of

learning

Key concepts and ideas are the focus of learning

2. Uses different instructional formats Whole class instruction dominates

3. Different learning styles are not taken into account Several learning styles are taken into account

4. Class time is used flexibly according to students’

needs

Class time is inflexible

5. Multiple interpretations of ideas are sought Single interpretations of ideas are sought

6. The teacher solves the problems Students and the teacher work together to

solve problems
7. Students frequently make interest-based

learning choices

Students’ interests are untapped

8. Students remain in the same groups Students work in different groups at different times

9. Assessment is used before, during, and after

learning to guide instruction

Assessment occurs at the end of learning to

see ‘‘who got it’’
10. Students have the opportunity to revise their work Students are not allowed to revise their work

11. All students complete the same activities

and assignments

Activities and assignments are individualized for

students based on their understanding of the

material
12. A single form of assessment is used Students are assessed in multiple ways

13. Grades are assigned by comparing students Grades are assigned based on individual student

growth
14. Students often have choices on assignments Students have no choices on assignments

TABLE 5. Univariate results of mean score difference on survey items

Comparison Treatment F p

N M SD N M SD

Item 1 112 3.34 1.39 96 3.37 1.45 0.01 0.916

Item 2 112 4.07 1.41 98 4.80 1.16 16.33 0.000

Item 3 112 2.55 1.54 99 1.74 1.15 18.21 0.000

Item 4 112 4.59 1.41 98 4.83 1.10 1.96 0.163

Item 5 112 4.77 1.00 99 5.17 0.99 8.69 0.004

Item 6 112 2.70 1.57 99 1.65 0.87 34.47 0.000

Item 7 112 4.27 1.21 99 4.77 0.90 11.36 0.001

Item 8 111 5.06 1.55 97 2.04 1.43 211.50 0.000

Item 9 111 3.89 1.45 97 4.43 1.29 7.95 0.005

Item 10 110 4.20 1.77 95 4.54 1.47 2.23 0.136

Item 11 111 5.55 0.93 97 3.66 1.74 98.34 0.000

Item 12 111 3.87 1.79 97 2.61 1.38 31.91 0.000

Item 13 111 2.41 1.41 96 2.40 1.36 0.01 0.942

Item 14 111 2.52 1.41 97 4.20 1.37 74.84 0.000
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indicated higher consistency with differentiated instruction, the mean score for all items (except for

number 1)2 were determined. Cronbach’s alpha for these combined items was 0.81 demonstrating

moderately strong internal reliability. The mean score for the treatment group was 4.62 (SD = 0.62,

N = 99) while the mean score for the comparison group was 3.71 (SD = 0.74, N = 112), which was

statistically significantly different, F(1) = 102.88, p< 0.0005. The effect size of the combined item

was 1.41, which is educationally significant. Thus, we see again that the treatment group’s perceptions

of the course aligned with our instructional attempts to differentiate.

6. Research methods
The mixed methods research design was a concurrent triangulation of quantitative and qualitative

methods to corroborate broad numeric trends with detailed data. The central research question asked,

‘What impact does differentiated instruction in a college mathematics class have on students’ math-

ematical understandings?’ Both authors served as researchers in the study.

The quantitative research question specifically asked, ‘What are the differences in the mathematical

understandings of students who learn using differentiated instruction and those who do not, controlling

for students’ understandings at the beginning of the course?’ A non-random selection process was

used, since students self-selected the section of the course. For the causal-comparative research (Gall

et al., 2003), the independent variable was instruction (either differentiated or not) and the dependent

variable was students’ mathematical understandings, measured using a pre-test and post-test. The same

test was used for the pre- and post-administration, with the pre-test given on the first or second day of

class and the post-test given on the last day of class or during finals week. Content validity of the test

was achieved through review by 12 content and educational experts, including mathematicians and

mathematics educators from five universities and colleges. Specifically, the experts participated in two

rounds of reviewing possible test questions, aligning them with the appropriate unit and providing

feedback on ambiguity or lack of clarity in the questions. The final test consisted of 16 questions, four

questions for each unit. These were randomized throughout the test.

Due to time constraints, the actual focus of the course across all 10 sections was the first two units.

Thus, the eight items used to measure the meaning of numbers and the meaning of operations on whole

and integer numbers were the focus of analysis (see Appendix A). These items were combined into a

single construct, the meaning of number and operations on whole and integer numbers. Since the items

of the pre-/post-test were scored as either right or wrong, the measure of internal consistency was a

Kuder–Richardson’s �. The reliability of the exam was moderate, � = 0.73, based on all 224 partici-

pants in the study. Additionally, final percentages of all evaluations used to determine course grades

were available for 175 participants. The correlation between the post-test scores and the final percent-

ages was moderate, r = 0.51, and statistically significant. To answer the research question, independent

t-tests were performed to compare the treatment and comparison groups on pre-test, post-test and

change in scores. This analysis was determined to be the most appropriate because an ANCOVA

revealed that the pre-test was not a significant covariate of the post-test, F(1, 214) = 0.153, p = 0.696.

The qualitative research question specifically asked, ‘What mathematical understandings do stu-

dents exhibit who have received differentiated instruction?’ The qualitative strategy of inquiry com-

bined structured task-based interviews (Goldin, 2000) with document analysis of students’ work

(Patton, 2001). During the informed consent procedures, students were asked whether they would

be willing to participate in interviews. Four of these students were randomly selected to be interviewed

2 In a follow-up writing assignment, it was found that item 1 was confusing for students, so it was not used in the

combined item.
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at the beginning and the end of the semester. The task-based interviews primarily consisted of math-

ematical questions the students answered while verbally expressing their thinking. For each question,

the interviewer allowed the interviewees to say as much as they wanted without prodding, and then the

interviewer followed with additional probes. Throughout, the interviewer did not provide any indica-

tion of the correctness of the interviewees’ responses. Each interview was audiotaped and students

answered six questions for the first two units (see Appendix B). Both interviews were analyzed in the

same fashion. We began by listening to the audiotapes and making notes about the students’ under-

standings on each question. These notes included whether their thinking was correct, how they ap-

proached the problem, and misconceptions or misunderstandings they had. We placed these notes in a

table for the pre-interview and another table for the post-interview where the rows corresponded with

each interview question and the columns corresponded with each interviewee. We then compared and

contrasted these two tables to determine a summary of the group of students’ understandings and

abilities.

Student work was also collected in MC’s treatment section. Using stratified purposeful sampling

(Patton, 2001), six students were selected—two students that performed above average on the pre-test

(Sally, Mandy), two performing at an average level (Natasha, Kelly) and two performing below

average (Chandra, Julie). The purpose for selecting students from each level was to examine the

impact of differentiated instruction on students with different readiness levels. For each student,

their work on projects, exams and writing prompts was collected. To analyze the students’ work,

we began with the list of learning objectives for the first two units, with each objective accompanied

by a column for Developing and a column for Proficient. We read through the work from each student,

and beside the appropriate learning objective, we noted whether the students’ understanding was

developing or proficient. We then examined and made detailed notes about each student’s work

with regard to each objective. After summarizing the understanding of each student, we prepared

an overall description of the group of students’ understandings for each learning objective.

7. Quantitative results
With the quantitative data, independent t-tests were performed to compare the treatment and compari-

son groups on pre-test, post-test and change in scores (see Table 6). Because the treatment groups

scored significantly higher on both the pre-test and the post-test, analysis focussed on the change in

scores from the pre-test to the post-test for the participants in each group. The participants in the

treatment group scored on average 1.7 items higher on the post-test than they did on the pre-test,

whereas the comparison group scored 0.3 items higher.

Effect sizes provide insight into the educational significance of these results. The effect size

comparing the pre-test of the treatment group to the pre-test of the comparison group was 0.38.

Thus, if we assume that the comparison group initially scored at the 50th percentile, the treatment

TABLE 6. Results of t-test analysis of test scores by group

Comparison (N = 116) Treatment (N = 108) df t p

M SD M SD

Pre-test 3.6 1.7 4.3 1.6 222.0 2.83a 0.005

Post-test 3.9 2.2 6.0 1.4 119.1 8.62a 0.000

Change 0.3 2.4 1.8 1.7 204.9 5.35a 0.000

aEqual variances were not assumed based on results on Levene’s Test for Equality of Variances.
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group’s initial score was at the 65th percentile. However, the effect size of the growth of the com-

parison group was 0.14, indicating that their mean post-test score was at the 56th percentile; whereas

the effect size of the post-test scores compared to the pre-test scores of the comparison group was 1.56,

indicating that the mean treatment post-test score in this comparison was at the 94th percentile. Thus,

both the t-test results and the examination of effect sizes reveal greater growth on the post-test for the

treatment students than for the comparison students.

8. Qualitative results
The qualitative data included interview data from four treatment students and student work from six

students in MC’s treatment section. More data were collected for the students’ work than was possible

from the interviews, so results are provided as available for all 10 students while sometimes only

available for the six students.

For the first unit, meaning of numbers, it was desired that students demonstrate a conceptual

understanding of numbers, ways of representing numbers and how to compare and order numbers.

One of these objectives was to classify numbers as counting, whole, integer or rational as well as

understand the nested relationships among these sets. Nearly all of the students (9/10) provided correct

definitions for the different subsets of numbers as well as identified examples for each subset. All of

the students (10/10) were able to explain when one subset was fully contained in another. For example,

when asked on the final exam how the counting numbers and rational numbers are related, Chandra

wrote, ‘Counting numbers are related to rational numbers because all counting numbers can be written

as fractions, e.g., 4 = 4/1.’ In contrast, none of the students talked about numbers contained in larger

subsets that were not members of a proper subset. For example, Chandra did not mention anything

about rational numbers that were not counting numbers. Thus, the students appeared to understand the

inclusive nature of the subsets of numbers, but either did not understand or did not know to mention

the exclusive aspects of the subsets of numbers.

Another objective for the first unit was to understand the density of the rational numbers and to

recognize that this property does not hold with counting, whole or integer numbers. The six students

completed a variety of questions asking for rational numbers between two other rational numbers (both

in fraction and decimal form). For example, one question on the final exam asked, ‘How many rational

numbers can be found between 2.41 and 2.4?’ All six of the students understood that an infinite

number of rational numbers exist between any two other rational numbers. Evidence on whether

students understood that density is not a property of counting, whole and integer numbers was

mixed. When asked about the smallest rational number greater than zero versus the smallest whole

number greater than zero, two of the students correctly answered the question, two students appeared

to partially understand the answer but their explanations were not thorough, and two students incor-

rectly answered the question.

Another significant component of the first unit was knowing how to represent whole, integer and

rational numbers. All six students were able to represent whole numbers with base-10 blocks including

translating between minimal and larger collections. For example, students understood six flats, six

longs and 27 units to represent the number 687 as well as the minimal collection of six flats, eight

longs and seven units. All six students also were able to represent integers with two colour counters,

including using collections with zero pairs. For example, students were able to represent—three with

three red (negative) counters as well as with four red (negative) counters and one yellow (positive)

counter (the later of which contains three red counters and one zero pair—a red and yellow pair that

together amount to zero).
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More of the course was dedicated to helping students represent and understand rational numbers in

fractional and decimal form. To represent fractions, students utilized drawings, Cuisenaire Rods3,

Pattern Blocks4 and Fraction Squares5. Many of these problems provided students with two of the

following and asked them to find the third: the fraction, the part or the whole. For example, one

question asked about Pattern Blocks, ‘If two yellow hexagons are the whole, what fraction is repre-

sented by four blue diamonds?’ Nearly all (9/10) of the students were able to correctly answer such

questions in at least one of the three manipulatives. Students were also expected to understand that

fractional amounts can be in reference to linear quantities, area quantities or sets. Cuisenaire Rods

were used to reference linear quantities while Pattern Blocks and Fraction Squares were used to

reference area quantities. To examine fractions in reference to sets, drawings incorporating counters

were used (see interview question #7). Most (8/10) of the students were able to interpret fractions of

sets.

Another learning expectation was that students would understand the relationship between the unit

whole and the associated fraction. On an exam, the six students were provided with the following

drawing and asked to ‘give three different fractions that you can legitimately use to describe the shaded

region in the figure. For each fraction, describe what should be taken to be the whole’.

Five of the six students were able to provide different fractions for the shaded region and correctly

describe the associated wholes. For example, Natasha explained that the shaded region is ‘2 1
4

if each

box is one whole, 9
12

if all together is 1 whole or 1 3
6

if six divisions equal one whole’. Three different

representations for decimals were utilized in the course: base-10 blocks, the number line and decimal

squares. Nearly all (9/10) of the students were able to use these representations for decimals, including

adjusting the whole as necessary to represent a desired quantity (see interview question #3).

The final objective of the first unit was comparing and ordering rational numbers in fraction and

decimal form. Before the course, most students were proficient with comparing fractions using the

standard procedures of finding common denominators, using decimal equivalents, and

cross-multiplying. Thus, the course emphasized comparing fractions based on their size. Strategies

included the use of common numerators, comparing fractions to common benchmarks such as 1/4, 1/2

or 1, and examining the number of parts relative to the size of the parts. Nearly all (9/10) of the

students were proficient in using strategies such as these to compare fractions. For example, on a test,

students were asked, ‘Imagine you are working in a group with Marvin, and you examine a pair of

fractions that are each one part short of equaling one. Marvin says that the fraction with the larger

denominator is the larger fraction. How would you respond to Marvin?’ Chandra responded, ‘In the

case where two fractions are one part away from 1, the [fraction with the] larger denominator is closer

to one. This is because the larger denominator is a smaller part which makes it closer to one. For

example [consider], 2/3 and 12/13. Both the fractions are 1 part away from 1, but 1/13 is a smaller part

3 Cuisenaire Rods are coloured rods of different lengths corresponding to 1 cm through 10 cm. Fractional

relationships arise when comparing the length of two or more rods.
4 Pattern blocks consist of a collection of polygons in different colours. In the basic set, all polygons can be built

from green equilateral triangles. Other shapes include a blue rhombus, a red trapezoid and a yellow hexagon.

Fractional relationships arise when comparing the amount of area covered when one or more shapes are placed

upon another.
5 Fraction Squares consist of colour-coded plastic rectangles in fractions of 1/2, 1/3, 1/4, 1/5, 1/6, 1/8, 1/12 and a

whole. Fractional relationships arise when the rectangles are placed upon each other or upon the whole.
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than 1/3, so 12/13 would be larger.’ In comparing decimals, most (4/6) of the students were able to

correctly use base-10 blocks, the number line or decimal squares to do so. For example, four of the six

students correctly used the base-10 blocks or decimal squares to illustrate the correct ordering of

0.64< 0.645< 0.7.

For the second unit, operations with whole and integer numbers, it was desired for students to

develop the meaning of addition, subtraction, multiplication and division with whole numbers and

integers through the use of multiple models as well as standard and alternative algorithms. Each of the

four basic operations can be modelled in several different ways. For addition and subtraction, the

following models were used: join (two quantities are joined together), separate (a quantity is removed

from another), part–part–whole (two parts are put together to equal a whole) and compare (two

quantities are compared to each other) (Chapin & Johnson, 2006). Depending on which quantity is

not provided, each of these may require addition or subtraction. For multiplication, the following

models were used: equal groups (a given number of groups of equal size), rate (determining the total

for a rate carried out over a certain period), multiplicative compare (two quantities are compared

multiplicatively), rectangular array (area model for a rectangle) and Cartesian product (number of

ways an event can occur when paired with a second event that can also occur in a number of ways)

(Chapin & Johnson, 2006). For division, the following models were used: how many groups (number

of groups when A objects are divided into groups with B objects in each group) and how many in each

group (number of objects in each group when A objects are divided equally among B groups)

(Beckmann, 2008). Most of the six students (4/6) were able to determine the type of model illustrated

when given a word problem. For example, the students were able to identify the following as the ‘how

many groups’ interpretation: ‘The parking lot at Hanging Gardens has a capacity for 81 cars. A

maximum of nine cars can be parked in each row. How many rows are there if each row is filled

to capacity?’ Some of the students (three) dealt with these models in a project. These students were

proficient at providing word problems in interesting contexts for each of the different models.

However, students overall did struggle with the Cartesian product model. Only two of the six students

were able to correctly answer the following: ‘Your friend Zach claims that with just his different shirts,

pants, socks and shoes, he has 120 different outfits to wear. Explain how this could be the case.’ To

answer the question, students needed to provide four factors that would produce a product of 120. Four

of the students however took 120 divided by four and suggested that Zach had 30 each of shirts, pants,

socks and shoes.

The second unit also focussed on helping students operate on whole numbers and integers using

standard and alternative algorithms. For the standard algorithms, students were typically expected to

use base-10 blocks to illustrate why the standard algorithms work. For example, in subtracting 193

from 3045, one decomposes (often called ‘borrows’) one of the one thousands into 10 hundreds. Then,

one of these hundreds is broken into 10 tens resulting in 14 tens from which 9 tens can be removed.

Most (4/6) of the students were able to use base-10 blocks to model the standard algorithms for

addition and subtraction. The two remaining students failed to show the composition or decomposition

associated with the ‘carrying’ or ‘borrowing’ in such problems.

For multiplication, especially with two-digit factors, the standard algorithm is nicely modelled with

an area model that illustrates the partial products. See Fig. 1 for the work of Kelly, which demonstrates

the area model and partial products for 42� 17.

All six students were able to provide the partial products for a multiplication problem; however, four

of the students were not able to illustrate the area model. These four students typically included 714

base-10 blocks in their drawings, but would fail to arrange them in the ways that formed a 42 by 17

rectangle. With regard to division, all six students were able to use the base-10 blocks to illustrate long

division.
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Another objective of the second unit was evaluating elementary students’ alternative algorithms for

operating on whole numbers. When elementary students understand place value, they often compute in

sensible ways that differ from the standard algorithms. For example, a question on the second test

asked, ‘While solving a multiplication problem, a student wrote the following (see Fig. 2). Is the

student’s thinking correct? Explain.’

All six students were able to evaluate such non-standard algorithms. In the interview, all four

students were able to judge whether a students’ non-standard algorithm would work with all whole

numbers, although they were not always able to explain why such non-standard algorithms worked

(see interview question #11; rather than borrowing from the tens in order to subtract in the ones

column, the student adds 10 to the first number and then adds 10 to the second number to maintain

the same difference between the two numbers). Overall, it was found that the 10 students may not

always be able to articulate why an algorithm works, but they were open to investigating such algo-

rithms to determine whether the work had logic within it. None of the students determined that an

elementary student’s computation was incorrect simply because it looked different from the standard

algorithm.

FIG. 2. Student’s alternative algorithm for 85� 26.

FIG. 1. Partial products and area model for 42� 17 by Kelly.
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The last aspect of the second unit was operating on integers. An analogy of a chef story was used to

illustrate why the rules for operating on integers work. In the story, the chefs prepare food in a

cauldron, and they can add or remove hot or cold cubes. When the chef’s insert a hot cube or

remove a cold cube, the temperature goes up 18. When the chef’s insert a cold cube or remove a

hot cube, the temperature goes down 18. If the number of hot cubes and the number of cold cubes in

the cauldron are equal, then the overall temperature is zero degrees. This analogy can be used to model

adding, subtracting and multiplying integers. For example, for �5 + 4, the chef’s would begin with five

cold cubes in the cauldron and then add four hot cubes; the resulting temperature of the cauldron is

�18. For the computation 3 � (�2), the chefs would begin with three hot cubes in the cauldron along

with two zero pairs. Then, they would remove two cold cubes, leaving five hot cubes in the cauldron.

As seen, the story provides students with a context to understand why removing a negative quantity

results in a positive increase of that amount. The story can also be used to model multiplication. For

consistency, suppose the product m� n tells us to take m groups of size n. If m is positive, we add

groups to the cauldron and if m is negative, we remove groups. Thus, 2��3 means to add two groups

of three cold cubes each, resulting in six colds so 2��3 =�6. For the product of two negative

quantities, say �2��3, we need to remove two groups of three cold cubes each. To do so, we

place six zero pairs of cubes in the cauldron, giving us a net temperature of zero degrees from

which we can remove the two groups of three cold cubes each. As a result, six hot cubes remain in

the cauldron and so �2��3 = +6. From the story, students also have a context to understand why

multiplying a negative amount by a negative amount, e.g., removing groups of negatives, results in a

positive product.

All six students were able to use the chef story to illustrate adding, subtracting and multiplying

integers, including using the story to justify why subtracting a negative number has the same net effect

as adding that amount and why multiplying two negative numbers results in a positive product. All of

the interviewed students were able to use the chef story to illustrate adding integers and to explain why

a negative times a positive results in a negative product. The interview students evidenced partial

understanding of being able to use the chef story to explain subtracting a negative or multiplying two

negative quantities.

In summary, we see that the 10 treatment students provided evidence of understanding the

following:

With regard to meaning of numbers, students were able to

� Classify numbers as counting, whole, integer or rational and understand the inclusive nature of these

sets of numbers;

� Interpret the density of the rational numbers;

� Represent whole numbers with base-10 blocks and integers with two colour counters;

� Represent fractions with length, area and set models;

� Describe the relationship between a fraction and its whole;

� Represent decimals with base-10 blocks, the number line and decimal squares; and

� Compare fractions by reasoning about their size.

With regard to operations on whole and integer numbers, students were able to:

� Interpret the various models for addition, subtraction, multiplication and division;

� Use models to justify the standard algorithms;

� Evaluate non-standard algorithms; and

� Use a model to illustrate operations on integer numbers.
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While the six students were chosen for their varying performance on the pre-test, there were no

indications of a correspondence between performance on the pre-test and mastery of the learning

objectives. Thus, mathematical learning occurred for all six students regardless of their performance

on the pre-test as well as for the other four treatment students that were interviewed. While more

research is needed to fully investigate the following conclusion, it appears that the differentiated

instruction may have been successful in supporting the learning of students regardless of their incom-

ing mathematical understandings. Furthermore, the qualitative results provide detailed information

about the mathematical learning of the students, verifying that students in the treatment group did learn

the material as measured by the pre- and post-test.

9. Discussion
The purpose of this study was to examine the potential of differentiated instruction for meeting the

diverse needs of college mathematics students and thereby enhancing students’ mathematical under-

standings. Both the quantitative and qualitative results provide evidence that the differentiated instruc-

tion supported the mathematical learning of students. We view these results as evidence of the promise

for differentiated instruction in mathematics classes at the undergraduate level, almost akin to an

existence proof.

Due to this promise, we share lessons learned about differentiating our instruction here in case

others wish to consider similar implementations in their courses. First, we found it especially helpful to

identify early and explicitly the learning objectives for the course. Outlining these objectives is crucial

in making later decisions about how and when to differentiate aspects of the course. Second, we found

organizing the course by units or chapters a helpful unit of analysis. One may wish to organize the

differentiation in each unit by utilizing a grid that showcases how and for what reason instruction will

be differentiated, whether differentiating content, process, product or classroom environment accord-

ing to students’ readiness, interests or learning profiles (see Table 7).

Third, we found it helpful to keep in mind that it was not necessary to differentiate every class or

every assignment. When done purposely in response to students’ needs, most instructors differentiate

their instruction one-third to one-half of the time. Fourth, we recommend starting small. Instructors

may want to incorporate just one or two ideas at a time, such as differentiating one-to-two homework

problems, keeping a log of learning objectives or allowing different products on a classroom project.

Fifth, to assist with differentiating based on students’ interests and learning profiles instructors may

want to ask students to complete interest and learning profile surveys as well as incorporate a variety of

instructional formats across the semester. For example, by including a variety of verbal, visual, kin-

esthetic, individual, small group and whole class activities, we felt that we were providing students

with opportunities to learn in their preferred styles at least some of the time in addition to providing

students with experiences outside of their preferences, which can have advantages as well. Finally, to

differentiate based on students’ readiness, we found it very helpful to keep a log of each student’s

progress in meeting the learning objectives.

TABLE 7. Organizational table for differentiating instruction

Content Process Product Classroom environment

Students’ readiness

Students’ interests

Students’ learning profiles
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While we began this study by reviewing the literature on differentiating instruction in grades K-12,

we did find some differences for differentiating at the undergraduate level. Grade K-12 instructors

often have more classroom contact time with students. In addition, at the undergraduate level, there is a

common expectation to ‘cover’ a topic once in class. These realities and expectations make it challen-

ging for a college instructor to take time to revisit, re-teach or extend a topic. Thus, we found one

needs to be purposeful and deliberate about decisions to utilize class time in such ways. Fortunately,

explicitly stating the learning objectives and drawing upon student assessment data can be helpful in

justifying such decisions. Another complication is that college instructors rarely have their own class-

room and therefore may be more limited in how much they can alter the classroom environment.

However, they can probably still do some things with seating and variety between individual, small

group and whole class work. We also want to note that a few benefits are available to undergraduate

instructors wishing to differentiate their instruction. First, collegiate instructors and college students

often have more access to course websites, e-mail and other technology that can be used to inform

students of differentiated aspects. Second, college students are older and as such are often more

cognizant of their learning preferences and personal interests. Thus, they can take a more active

role in helping an instructor incorporate these aspects into the classroom.

While this study points to the promise of differentiated instruction at the undergraduate level,

additional work remains. First, we plan to replicate the study in additional mathematics classes in

upcoming semesters. Demonstrating the effectiveness of differentiated instruction in a variety of

undergraduate mathematics courses, including terminal courses such as college algebra or liberal art

mathematics, may help change how mathematics educators address the needs of non-mathematics

majors. Second, we want to learn more about the process of differentiating instruction and how it

enhances learning. We are currently using lesson experiments to investigate this second area. The

purpose of a lesson experiment is to engage in cycles of creating and testing hypotheses about

cause-effect relationships between teaching and learning during classroom lessons (Hiebert et al.,

2003, 2007). Through such experiments, we hope to learn specific differentiation techniques that

are particularly effective in undergraduate mathematics courses. Students’ concerns about their college

mathematics classes are important, as they affect students’ learning of mathematics and their life

choices about mathematically intensive majors and careers. We feel the direction of this research is

significant as it utilizes differentiated instruction as a means to address the diverse needs of college

students in mathematics courses. By meeting students’ needs, we have witnessed increased mathem-

atical understandings as well as anecdotal evidence that their dispositions toward mathematics classes

have improved. The hope is that better meeting students’ needs in college mathematics classes will

ultimately increase the retention of students, potentially including women and minorities, in mathem-

atically intensive majors and careers.
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Appendix A. Eight questions from pre- and post-test
(1) To solve 341 � 176, a student wrote the following. Which of the following is true about the

student’s strategy?

(a) This strategy works for any subtraction problem with whole numbers.

(b) This strategy only works for this subtraction problem.

(c) This strategy never works for any subtraction problem with whole numbers.

(d) I am not sure.

(2) Eugene, Stefan and Damian are discussing the role of zeros in representing numbers. Which

student is INCORRECT in his claim about zeros?

(a) Eugene says that 3 can be written as 3.0 and as 3.00.

(b) Stefan says that 8 can be written as 008.

(c) Damian says that sometimes you can drop zeros from a decimal number and the value of the

decimal number will remain the same.

(d) None of the above is incorrect.

(3) Complete the following to make a true statement about comparing fractions: If two fractions have

the same numerator, then the one with the _______________ is greater.

(a) Smaller denominator

(b) Larger denominator

(c) This cannot be answered because it depends on the fractions involved.

(d) I am not sure.

(4) Students sometimes say ‘a negative and a negative is positive’ without clarifying what operation

they are using. What is true of the statement ‘A negative SUBTRACTED from a negative is

positive’?

(a) The statement is always true.
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(b) The statement is sometimes true.

(c) The statement is never true.

(d) I am not sure.

(5) To solve 1528U 3, a student wrote the following. Which of the following is true about the

student’s strategy?

(a) The student’s work is incorrect. He should have gotten 509:3 as the answer.

(b) The student’s strategy only works with this specific division problem.

(c) The student had to subtract 1500 at the beginning, rather than subtracting 300.

(d) None of the above.

(6) If the following triangles represent 2
5

of a set, how many triangles would represent 6
5

of the set?

(a) 24 triangles

(b) 50 triangles

(c) 60 triangles

(d) The number of triangles cannot be determined from the information given.

(7) You are working with Micah, a first grade student. To illustrate 35, she counts out 35 blocks

correctly. You then ask her to show you what the ‘‘3’’ in 35 represents. She counts out three

blocks. What can you say about Micah’s understanding of 35?

(a) She fully understands the number 35.
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(b) She understands the meaning of the placement of the digits in the number.

(c) She understands that 35 is represented by 35 single units.

(d) All of the above.

(8) To solve 182� 19, a student wrote the following. Which of the following is true about the

student’s strategy?

3458

1000

800

20

900

720

18

19

182

×

(a) This strategy works for any multiplication problem with whole numbers.

(b) This strategy only works for this specific problem.

(c) This strategy never works for any multiplication problem with whole numbers.

(d) I am not sure.

Appendix B.Questions from pre- and post-interview for meaning of
numbers and operations on whole and integer numbers
Pre-Interview:

(1) Cuisenaire Rods:

(a) Select a dark-green Cuisennaire Rod. If dark green is the whole, what fraction is the yellow

strip?

(b) Now, disregarding what you did in part a., if the dark-green strip is one whole, what fraction

is the blue strip?

(c) Now, disregarding what you did in part b., select a yellow Cuisennaire Rod. If yellow is five-

fourths, what strip is one whole?

(2) Provide a rational number that is not an integer or explain why you cannot do so.

(a) If they provide a number: Is this the only rational number that is not an integer? If not, can

you provide some more examples? How many other such numbers are there?

(b) If they say this is not possible: Why is it not possible to provide a rational number that is not

an integer?
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(3) Consider the figure below. If the overall square represents one-tenth, what is the value of the

shaded portion? How do you know?

(a) If a small square represents one-tenth, what is the value of the shaded portion? How do you

know?

(4) Jess believes that she has a new way to compare fractions. Consider her explanation for compar-

ing 4
5

and 3
7
: ‘Once I check to make sure the fractions are not equivalent, I can always just look to

see which fraction has the closest numerator and denominator – I mean, where the difference

between the numerator and denominator is the least. The fraction with the closest numerator and

denominator is the largest. In comparing 4
5

and 3
7
, four and five are closer than three and seven, so 4

5

is bigger than 3
7
.’ What do you think of Jess’s idea?

(a) Does this method always work?

(5) To solve 897 + 537, a student wrote the following. What are your thoughts on this approach?

(a) Does this strategy just happen to work with these numbers?

(b) Will it work with other numbers?

(c) Will it work with all whole numbers?

(6) I am going to provide you with some expressions. Please explain or demonstrate in some way

what each of these expressions means to you. You can describe this verbally or use some type of

external representation such as a drawing or any of the items that we have available here. (Write

out these expressions as you proceed through the interview. If the student only calculates the

answer using the standard procedure, ask him/her to explain if they can think about/represent it in

additional ways. If the student seems really confused on an item, consider skipping the remaining

items and moving on to the next question.)

(a) 4 + �5,

i. If they answer a. correctly, �6 +�8
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(b) �4 �1

i. If they answer b. correctly, 6� �3

(c) 2��3

i. If they answer c. correctly, �3��4

Post-interview:

(7) Sets:

(a) If 4 counters are one-half of a set, how big is the set?

(b) If 12 counters are three-fourths of a set, how many counters are in the full set?

(c) If 10 counters are five-halves of a set, how many counters are in one set?

(8) Describe the relationship, if any, between rational numbers and integers.

(a) Are there integers that are not rationals? Why or why not?

(b) Are there rationals that are not integers? Why or why not?

(9) Role of the whole:

(a) Consider the figure below. If the overall square represents one-tenth, what is the value of the

shaded portion? How do you know?
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If a small square represents one-tenth, what is the value of the shaded portion? How do you

know?

(b) Consider the figure below. How many different fractions can you identify in this figure?

Explain.

What are you taking to be the whole in each case?

(10) Malcolm says that 8
11
> 7

10
because 8> 7 and 11> 10. What do you think of Malcolm’s idea for

comparing fractions?

(a) Does this method always work?

(11) To solve 284� 165, a student wrote the following. What are your thoughts on this approach?

(a) Does this strategy just happen to work with these numbers?

(b) Will it work with other numbers?

(c) Will it work with all whole numbers?
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(12) I am going to provide you with some expressions. Please draw a picture or use any of the

materials here to illustrate these expressions.

(a) 3 +�5,

If they answer a. correctly, �3 +�4

(b) �4� 2

If they answer b. correctly, 6��3

(c) 2��3

If they answer c. correctly, �3��4
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